( = smaller) than 3~ has 0. (X, f) is ^»-closed if P has property 0 and (X, T)
is a closed subspace of every ^-space in which it can be embedded.
-minimal and ^-closed spaces have been investigated for the cases áa = Hausdorff, regular, Urysohn, completely Hausdorff, completely regular, locally compact, zero-dimensional, normal, completely normal, paracompact, and metric. A well-known result is that for any of these properties, a compact á^-space is minimal &. If ^ = Hausdorff [6], Urysohn [13] , regular [13] , or completely Hausdorff [14] , -minimality is a sufficient, but not a necessary condition for ^-closedness. If 2P = completely regular [4] , [6] , normal [4] , [6] , [16] , zero-dimensional [3], locally compact [4] , [6] , completely normal [14] , paracompact [14] , or metric [14] , then on any ^-space ^-minimality, ^-closedness, and compactness are equivalent conditions.
In this paper, we consider first countable-and ^-minimal spaces and first countable-and ^-closed spaces. A space (X, $~) is called first countable-and 0-minimal if 3~ is first countable and has property 0", and if no first countable topology on X which is strictly weaker than y has property 0. (X, y) is first countable-and -closed if y is first countable and has property 0, and (X, y) is a closed subspace of every first countable ^-space in which it can be embedded.
We obtain several characterizations of such spaces, and we prove that for most of the above properties, the following statements are equivalent for a ^"-space X: X is first countable-and ^-minimal ; X is first countable-and á^-closed ; X is first countable-and Hausdorff-minimal. A proof is given that if & denotes either completely regular or zero-dimensional, then a first countable á^-space is first countable-and ^-minimal if and only if it is pseudocompact. It is shown that if 3? = weakly normal, normal, completely normal, or paracompact, then a first countable ^-space is first countable-and ^"-minimal if and only if it is countably compact. A proof is also given that a perfectly normal space is minimal perfectly normal if and only if it is countably compact. We prove that if & = Hausdorff, regular, completely regular, zero-dimensional, or weakly normal, and if {X(n)} is a sequence of topological spaces, then IfA^«) is first countable-and ^"-minimal if and only if each X(ri) is first countable-and ^-minimal. We investigate which subspaces of first countable-and ^-minimal spaces are first countable-and ^-minimal, and we prove that every first countable (semiregular) Hausdorff space can be embedded (densely) in a first countable-and Hausdorff-minimal space.
We use the same terminology as that in [8] or [10] . Thus, as used here, every separation property includes Hausdorff separation. R(N) will denote the set of real (natural) numbers. We shall denote the set of continuous mappings of a space X into a space Y by C(X, Y). If J1 is a collection of sets, the set of all finite intersections of elements of J1 will be denoted by áT\ We shall say that 3S is fixed (free) provided that Ç\âa^<z (Ç\@=0). (ii) (X, ST) is feebly compact.
(iii) (X, 3~s) is first countable-and Hausdorff-minimal.
The proofs of Theorems 2.4 and 2.5 are omitted, for they are entirely similar to the proofs of corresponding statements about minimal Hausdorff spaces and absolutely closed spaces (see [8, pp. 167-168] ). Theorem 2.6. Let X be a first countable regular space. The following are equivalent:
(i) X is first countable-and regular-minimal.
(ii) Every countable regular filter base on X which has a unique adherent point is convergent.
(iii) Every countable regular filter base on X has an adherent point.
(iv) Every countable regular filter base on X is fixed.
(v) X is first countable-and regular-closed.
(vi) X is feebly compact.
(vii) X is first countable-and Hausdorff-minimal.
Proofs that (i) and (ii) are equivalent, that (iii) and (v) are equivalent, and that (ii) implies (iii) are similar to proofs of results in [7] and [13] concerning minimal regular spaces and regular-closed spaces, (iii) and (iv) are equivalent, because for any regular filter base S), f) ® = C\ {B \ BeâS}. In [17 there exist a set C e SI and a function fe C(X, [0, 1]) such that f(C)=0 and f(X-B) = I.
Lemma 2.8. Let (X, S~) be a completely regular space, and let % be a countable completely regular filter base on (X, S~) which is free. Fix a point p e X and let 9~' be the topology on X which has as a base S~ \ (X-{p}) u {Tu C \ p eT,TeS~, and C £ ?}. Then S~' is a completely regular topology on X which is strictly weaker than S~, and (X, S~') is first countable if and only if(X, S~) is first countable.
Proof. Obviously (X, S~') is first countable if and only if (A", S~) is first countable. Since ^ is a free regular filter base on (X, S~), % has no adherent points in (X, S~). Thus (X, S~') is Hausdorff. S~' is weaker than 3~ since *€ is an open filter base on (X, S~). If T is an open neighborhood of p in (X, S") which is disjoint from a set Cel?, then T contains no neighborhood of p in (X, S~'). Therefore, T' is strictly weaker than 3~.
To see that (X, J~') is completely regular, consider a point x e X and an open neighborhood N of x in (X, S~'). (i) X is first countable-and completely regular-minimal.
(ii) X is first countable-and completely regular-closed. (iii) X is pseudocompact.
(iv) X is feebly compact.
(v) Every countable completely regular filter base on X is fixed.
Proof, (i) implies (ii). Let y be a first countable completely regular space such that Je y and suppose that q e X. Let 2& be a countable fundamental system of open neighborhoods of q. Then C€ = 2\X'\% a countable completely regular filter base on X, so it follows from Lemma 2.8 that there is a point xef\^.
Since Y is Hausdorff, x must be q. Thus qe X and X= X.
It follows from Theorems 2.3 and 2.7 in [17] that (ii), (iii), and (v) are equivalent. It is well known that (iii) and (iv) are equivalent [11] . According to Theorem 2.6, (iv) implies that X is first countable-and Hausdorff-minimal. Thus (iv) implies (i).
Lemma 2.10. Let X be a first countable completely regular space, and let %> be a countable completely regular filter base on X which is free. Take (i) Y is a first countable completely regular space in which X is embedded as a proper dense subset.
(ii) If X is paracompact (weakly normal, normal, completely normal, perfectly normal), then so is Y.
Proof, (i) is an immediate consequence of the proof of Theorem 2.7 in [17] .
(ii) If X is paracompact, then it follows from Proposition 5.3 in [9] that Y is paracompact.
Suppose that X is weakly normal, and let F and C be two closed subsets of Y such that C is countable and Fn C= 0. Lemma 2.11. Let X, y, <£, y', andp be as in Lemma 2.8. If(X, y) is paracompact (weakly normal, normal, completely normal, perfectly normal), then so is (X, J~').
Proof. In [14] it was proved that if (X, y) is paracompact and ^ is a free, countable, regular filter base on (X, y), then (X, 3~') is paracompact. The same proof can be used here.
Suppose that (X, 9~) is weakly normal, and consider two closed subsets A and B oî(X, y) such that A is countable and A C\ B= 0. Since (X, 3~) is weakly normal, there are disjoint sets 0,Ps^~ such that A a O and B<=P. Lemma 2.12. Let (X, 3~) be a first countable Hausdorff space which is countably compact. Then (X, S~) is a first countable-and Hausdorff-minimal regular space.
Proof. Let St be a first countable Hausdorff topology on X such that St<^S~, and let / be the identity mapping of (X, .T) onto (X, SI). Since i is continuous and oneto-one, it follows from Example 3 of [10, p. 253 ] that / is a homeomorphism.
It is well known that every first countable, countably compact, Hausdorff space is regular. Theorem 2.13. Let 2P denote any one of paracompact, weakly normal, normal, and completely normal, and let (X, S~) be a first countable S-space. The following are equivalent:
(i) (X, S~) is first countable-and S1-minimal.
(ii) (X, S~) is first countable-and S'-closed.
(iii) (X, S~) is pseudocompact.
(iv) (X, S~) is countably compact.
Proof. It follows from Lemma 2.11 and an argument similar to the one given in the proof of Theorem 2.9 that (i) implies (ii).
If (ii) holds, then, according to Lemma 2.10, every countable completely regular filter base on (X, 9~) is fixed. As noted earlier, this latter property is a necessary and sufficient condition for pseudocompactness.
In [10, p. 232] a proof is given that (iii) and (iv) are equivalent on a weakly normal space.
It follows from Lemma 2.12 that (iv) implies (i). Proof. Since (X, S~) is perfectly normal, each of its points is a G6. In [12, p. 378] Glicksberg proved that every G6 point in a pseudocompact completely regular space has a countable fundamental system of neighborhoods. Thus (X, S~) is first countable if either (v) or (vi) holds. In view of this, the proof of Theorem 2.13 can be used here to show that (iii), (iv), (v), and (vi) are equivalent.
It follows from Lemma 2.11 that (i) implies (v).
(v) implies (i). Let y be a perfectly normal topology on X such that ycy Since the identity mapping of (X, £F) onto (X, Sf) is continuous, (X, if) is pseudocompact. Thus (X, y) is first countable. Since (v) implies (iii), we must have (v) implies (ii). Suppose that (v) holds. Then (X, 3~) is first countable. Let y be a perfectly normal space in which (X, y) is embedded, and let q be a point in X. Since q is a G6 and Y is regular, we can construct a countable open filter base 3i on Y such that Ç\9=Ç\{C\
Ce3>}={q}. Since <€=3i \ X is a countable open filter base on (X, y) and (X, y) is feebly compact, there exists x e X such that x is an adherent point of '€. Therefore, q = xe X.
An appropriate modification of the proof of Lemma 2.10 shows that (ii) implies (v). (i) X is feebly compact.
(ii) Every countable zero-dimensional filter base on X is fixed.
Proof. Obviously (i) implies (ii).
(ii) implies (i). Let y={F(n) | n e TV} be a countable open filter base on X which has no adherent point. For each« let G(n) = f) {F(i) \ i Un}, and let ^={G(n)\ neN}. Since X is zero-dimensional and ^ is a filter base with empty adherence, we can choose a sequence of nonempty open-and-closed sets 0(n)c G(n) such that 0(i) n 0(j)= 0 whenever /#/ For each n let H(n) = [J {0(i) \ i^n}, and let Jf = {H(n) \neN}.
Because S has no adherent points, {0(j) \j^n} is locally finite for each neN.
Thus each C\ H(ri) = \J {Cl 0(j)\j^n} = (j {0(j)\j^n} = H(ri), so Jf is a zerodimensional filter base which clearly has empty adherence.
Lemma 2.17 and appropriate modifications of Lemmas 2.10 and 2.11 can be used to obtain a proof of the next theorem. Theorem 2.18. Let X be a first countable zero-dimensional space. The following are equivalent:
(i) X is first countable-and zero-dimensional-minimal.
(ii) X is first countable-and zero-dimensional-closed.
(iii) X is pseudocompact. Definition 2.20. If y and 'S are filter bases on a set X, then y is said to be weaker than 'S provided that for every F e y there is a set G e 'S such that F^G. Theorem 2.21. Let X be a first countable Urysohn space. The following are equivalent :
(i) X is first countable-and Urysohn-minimal.
(ii) Whenever ß and ¿£ are arbitrary open filter bases on X, Jf is a countable closed filter base on X, ß is weaker than $f, Jf is weaker than £?, and ß has a unique adherent point, then ¿£ is convergent. Theorem 2.22. Let X be a first countable Urysohn space. The following are equivalent:
(i) X is first countable-and Urysohn-closed.
(ii) Whenever ß and i? are arbitrary open filter bases on X, Jf is a countable closed filter base on X, ß is weaker than Jf, and Jf is weaker then ¿P, then ß has nonempty adherence. Theorem 2.23. A first countable-and Urysohn-minimal space (X, 3~) is semiregular and first countable-and Urysohn-closed.
In [13] Herrlich proved theorems analogous to Theorems 2.21 and 2.22 for minimal Urysohn and Urysohn-closed spaces; he also proved that a minimal Urysohn space is Urysohn-closed. The proofs of Theorems 2.21 and 2.22 and the proof that first countable-and Urysohn-minimal implies first countable-and Urysohn-closed are similar to those in [13] .
According to the Exercises in [8, pp. 167-168], (X, S~s) is a semiregular Urysohn space if (X, S~) is a Urysohn space. Since S~sc-S', and (X, ^~s) is first countable if (X, S~) is first countable, we must have S~=3~s if (X, S~) is first countable-and Urysohn-minimal, i.e., (X, 3~) must be semiregular. Theorem 2.24. Let X be a first countable regular space. The following are equivalent :
(ii) X is first countable-and Urysohn-closed.
(iii) X is first countable-and Hausdorff-minimal.
Proof. By Theorem 2.23, (i) implies (ii). It follows from (iii) of Theorem 2.6 and (ii) of Theorem 2.22 that (ii) implies (iii). Obviously (iii) implies (i).
Added in proof. In a forthcoming paper a space will be constructed which is first countable-and Urysohn-minimal, but not regular.
Examples.
3.1. Let X be the set of all ordinal numbers less than the first uncountable ordinal, with the order topology. X is first countable, locally compact, zerodimensional, completely normal [10, p. 146], and countably compact. Lemma 2.12 implies that Jlfis first countable-and ^-minimal for S> = Hausdorff, regular, zerodimensional, etc. X is not perfectly normal ( [8] or Theorem 5.11).
3.2. Let Jf be a maximal infinite family of infinite subsets of N such that the intersection of any two is finite. Choose a new set of distinct points D={dM | M e J(), let X=N*J D, and topologize X as follows: the points of N are isolated, and a neighborhood of a point dM is any set containing dM and all but finitely many elements of M. Then [11, p . 79] X is a first countable completely regular space which is pseudocompact, but not countably compact. X is also locally compact and zero-dimensional. Since a weakly normal pseudocompact space is countably compact [10] , X is not weakly normal. Theorems 2.6 and 2.9 imply that X is first countable-and Hausdorff-minimal.
3.3. Choose two points/?, q not in the space R of real numbers, let X=R u {p, q), and let y be the topology on X which has as a base {(a, b)\a,beR}u {{p} u \J {(In, 2n+ 1) | \n\ e N, k S \n\} \ k e N} U {{q} u U {(2/1-1, 2«) | |r| e TV, fc á |«|} \ k e N}.
In [16] it was proved that (X, ,T) is minimal Hausdorff, but not compact. It is also true that (X, y) is first countable, but neither Urysohn nor countably compact. 3.4. Let ^=[0, 1], let A be the set of rational numbers in X, and let y be the topology on X which has as a base {{A} u {X n (a, b)\a,be R}}~. In [6] Berri noted that (X, J~) is absolutely closed (i.e., Hausdorff-closed), but not minimal Hausdorff. Thus (X, 9~) is first countable-and Hausdorff-closed, but not first countable-and Hausdorff-minimal.
3.5. Let X be as above, let y be the usual topology on X, and choose three dense subsets X(l), X(2), and X(3) of (X, £f) which are disjoint and whose union is X. Let ^ be the topology on X generated by y u {X(l), X(2)}. In [13] Herrlich noted that (X, <W) is Urysohn-closed, but neither minimal Urysohn nor absolutely closed. Since (X, <%) is second countable, it is also true that (X, °)l) is first countableand Urysohn-closed, but neither feebly compact nor first countable-and Uyrsohnminimal. (X, ^l) is clearly not regular, but it is semiregular: if x e X(i), /= 1 or 2, and a<x<b, then (a, b) n X(i) = Int* Cl*((a, b) n X(i)); if xe X(3), then Proof. Let F and C be disjoint closed subsets of X such that C is countable. Since X is countably compact, C must be compact. In any completely regular space, two disjoint closed sets, one of which is compact, have disjoint neighborhoods [11, p. 42 ]. Theorem 4.3. Let {X(n) \ n e M} be a collection of topological spaces, let =11 X(n), and let S> be any one of Hausdorff, regular, completely regular, zerodimensional, and weakly normal. Then X is first countable-and S-minimal if and only if each X(n) is first countable-and S'-minimal.
Proof. For S>=Hausdorff, regular, completely regular, and zero-dimensional, the theorem is a consequence of Theorems 2.4, 2.6, 2.9, 2.18, and 4.1 and the fact that if y = semiregular [19, p. 45] , regular, completely regular, or zero-dimensional, then X is an ^-space if and only if each X(n) is an espace.
If X is first countable-and weakly normal-minimal, then X is first countable, completely regular, and countably compact (Theorem 2.13), so each X(n) must be first countable, completely regular, and countably compact. It follows from Lemmas 2.12 and 4.2 that each X(n) is first countable-and weakly normal-minimal.
If each X(n) is first countable-and weakly normal-minimal, then each X(n) is first countable and countably compact, so X is first countable and countably compact. Since X is also completely regular, Lemmas 2.12 and 4.2 imply that Xis first countable-and weakly normal-minimal. Theorem 4.4. Let S> denote either of normal and completely normal, and let {X(n) | n e M) be a collection of spaces.
(i) If X=Y\ X(n) is a S-space and each X(ri) is first countable-and S'-minimal, then so is X.
(ii) If X is first countable-and S'-minimal, then so is each X(n).
Theorem 4.5. Let {X(n) \ ne M} be a collection of spaces. If X=Yl X(n) is minimal perfectly normal, then so is each X(ri). If X is perfectly normal and each X(n) is minimal perfectly normal, then X is minimal perfectly normal.
As far as the author knows, the following question is open : What are necessary and sufficient conditions that the product of a countable collection of spaces be first countable-and Urysohn-minimal (Urysohn-closed)? The next few results give some partial answers. Theorem 4.6. If {X(n) \ n e M) is a collection of spaces such that T~[ X(n) is first countable-and Urysohn-minimal, then each X(n) is a first countable-and Urysohn-minimal space. This is an immediate consequence of the fact that a collection {X(a) \ a e A} of spaces has a Urysohn product if and only if each X(a) is a Urysohn space. Theorem 4.7. If {X(n) \ n e M} is a collection of spaces such that Yl X(n) is first countable-and Urysohn-closed, then each X(n) is a first countable-and Urysohnclosed space. such that JS? is countable, ß has a unique adherent point, say (x, y), and ß is weaker than Jf = {L \ L e =£?}. We wish to show that if is convergent.
Since (x, y) is an adherent point of ß, and pr2 is continuous, y is an adherent point of pr2 (ß). In fact, y is the only adherent point of pr2 (ß), for suppose z^=y and z is an adherent point of pr2 (ß). Then by an argument similar to one given in the proof above, we can show that there is a point t in X such that (/, z) is an adherent point of ß, whereas ß has no adherent point other than (x, y). Thus pr2 (ß) has a unique adherent point. Since X is countably compact and Y is first countable, pr2 is a closed mapping. Thus pr2 (ß), pr2 (JT), and pr2 (.5?) satisfy the hypothesis of (ii) of Theorem 2.21. Since Yis first countable-and Urysohn-minimal, pr2 (if) is convergent.
Consider the countable filter base prj. (¿¡?). Since X is countably compact, pr! (if) has an adherent point. Furthermore, it can be shown that pri (if) has at most one adherent point, for suppose that xu x2 are adherent points of pr! (¿if).
Setä'(i)={Ln(V(i)xY)\Leä ' and V(i) is a neighborhood of xt}, i=\, 2.
Then pr2 (if(l)) and pr2 (if (2)) are filter bases on Y stronger than pr2 (if), so each pr2 (-S?(0) is convergent. Since the adherence of pr2 (if(0) is contained in {v}, pr2 (-Sf(/)) converges to y. Therefore, (xh y) is an adherent point of if and, consequently, an adherent point of ß, so xt = x, i= 1, 2. Thus x is the unique adherent point of prj (if). It follows from this that prj (if) is convergent, for on a countably compact space a countable filter base with a unique adherent point is convergent. Since prj (¿£) and pr2 (if) are convergent, 3? is convergent.
5. Subspaces. In [1] it is proved that a space X is feebly compact if and only if the closure of every open subset is feebly compact. (2) and let i={Jn (x-l/n, x+ l/n) | n e N}. Then 3% is a free, countable, regular filter base on A, so it follows from Theorem 2.22 that A cannot be first countableand Urysohn-closed.
As the following theorem shows, it is not, in general, true that every closed subset of a first countable-and ^-minimal space is first countable-and ^-minimal. Theorem 5.6. A Hausdorff space X is countably compact if and only if every countable closed subset of X is feebly compact.
Proof. If X is countably compact, then every closed subset of X is countably compact and hence feebly .compact. Conversely, if C is a countably infinite subset of X which has no limit point, then C is a closed subset of X which is an infinite discrete space.
In [2] Banaschewski proved that a Hausdorff space can be embedded densely in a minimal Hausdorff space if and only if it is semiregular. In [18] Strecker and Wattel proved that every Hausdorff space can be embedded in a minimal Hausdorff space. The next three theorems give similar results for first countable-and Hausdorff-minimal spaces.
Theorem 5.7. Let X be a first countable Hausdorff space, let ¿V={!F | y is a countable open filter base on X which has no adherent points}, and let JÍ be a subset of Jf which is maximal with respect to having the property that whenever y 'S e JÍ, &±S, then there exist sets Fey and Ge'S such that FnG=0. The proof is straightforward. Remark 5.8. If X is a first countable-and Hausdorff-closed space which is not absolutely closed (e.g., 3.1), then X cannot be embedded densely in a first countable absolutely closed space.
Theorem 5.9. Let X be a first countable Hausdorff space, and let (Y, $~) be the first countable-and Hausdorff-closed space given by Theorem 5.7. The following are equivalent.
(i) X is semiregular.
(ii) ( Y, yj is a first countable-and Hausdorff-minimal space in which X is embedded as a dense subspace.
Proof. ( Y, ys) is first countable-and Hausdorff-minimal by Theorem 2.5. Banaschewski's computations in [4, pp. 146-147] show that if X is any space embedded densely in a space ( Y, ,T), then semiregularity is a sufficient condition that X be embedded densely in (Y, 0~s). Lemma 1 of [2] implies that a dense subspace of a semiregular space is semiregular. Thus if Xis embedded densely in ( Y, ys), a semiregular space, then X must be semiregular. Theorem 5.10. A first countable Hausdorff space can be embedded in a first countable-and Hausdorff-minimal space.
Proof. In [18, p. 235] Strecker and Wattel proved that every Hausdorff space can be embedded in a semiregular Hausdorff space. Their method of proof shows that every first countable Hausdorff space can be embedded in a first countable, semiregular, Hausdorff space Z. By Theorem 5.9, Z can be embedded in a first countable-and Hausdorff-minimal space.
The author does not know for what other properties 0 it is true that every first countable .^-space can be embedded in a first countable-and ^minimal space. Example 3.5 does show that there exists a semiregular, first countable, Urysohn space which cannot be embedded densely in a first countable-and Urysohnminimal space (it is first countable-and Urysohn-closed, but not first countableand Urysohn-minimal).
The next theorem shows that not every perfectly normal space can be embedded in a minimal perfectly normal space. 
